Abstract. This paper is concerned with the behavior in time for a certain class of dynamics which are discontinuous with respect to the time variable. We introduce the corresponding wave operators and we ensure their existence. Moreover, under suitable conditions this class of wave operators can be approximated in the strong sense by a sequence of ordinary wave operators. Our results can be applied to impulsive dynamical systems.
Introduction
We study the asymptotic behavior as t → ±∞ of certain families of operators U (t) acting on Hilbert spaces; these families are piecewise strongly continuous and they do not form a group nor a semigroup. Then we analyze the problem of the asymptotic comparison of a unitary group e −itH with a discontinuous family U (t). Within this setting we introduce the corresponding wave operators. We also discuss several examples. Moreover, we notice that under suitable conditions, this class of wave operators can be approximated in the strong operator norm by a sequence of ordinary wave operators associated to unitary groups.
We now introduce our general framework: Let τ = {α n } be an increasing sequence of real numbers such that lim α n = ∞ as n → ±∞. Suppose that U = {U (t, s): s, t ∈ R} is a two-parameter family of bounded operators acting on a Hilbert space H such that the bounded operator-valued functions t → U (t, s) are strongly continuous for each s ∈ R, and for each t ∈ R the functions s → U (t, s) are piecewise strongly continuous on the intervals α n ≤ s < α n+1 . Then we call the triple (H, U, τ) an impulsive system, and the family U (t, s) is called an impulsive dynamics. If there is no confusion we simply denote an impulsive system by U (t, s).
In the succeeding sections we consider the problem of the asymptotic comparison of an impulsive dynamics U (t, s) with a one-parameter unitary group of operators U 0 (t) = e −itH0 , both acting on the same Hilbert space H. Specifically, let (H, U, τ) be an impulsive system and let τ be an infinite sequence of real numbers defined by the partition · · · < α −n < · · · < α 1 < · · · < α n < α n+1 < · · · . Let p be a step function such that p(t) = p(α n ) whenever α n ≤ t < α n+1 . Then, in the next sections we present the necessary assumptions needed to ensure the existence of the strong limits
where U * (t, p(t)) denotes the Hilbert adjoint of U (t, p(t)). If the limits exist, we call the operators W ± the impulsive wave operators.
As an example of impulsive dynamics, let us suppose that τ = {α n } is an increasing and unbounded sequence of real numbers. For each x ∈ R n , we let V ( ; x): R → R be a function which is piecewise constant on every interval [α n , α n+1 [, that is, V (s; x) = V (α n ; x) for α n ≤ s < α n+1 . Let M(s) be the operator of multiplication by the function V (s, x), acting on the Hilbert space H = L 2 (R n ). Now, suppose that e −itH is a one-parameter unitary group of operators defined on H, then the two-parameter family U (t, s) = M(s)e −itH defines an impulsive dynamics on the space H.
In the time dependent approach to quantum mechanical scattering the existence of the wave operators
is established on L 2 (R n ) where H 0 = −∆ is the usual extension of the Laplacian,
is a self-adjoint perturbation of H 0 , and the operator V (x) depends only on the space variable x ∈ R n , and it is independent of t. However, in connection with potential scattering and also in homogeneous (or time dependent) problems time dependent perturbations V (x, t) occur ( [5] , [7] ). In our examples below, we will see that the perturbations to be considered may also depend on the time variable.
Since the impulsive dynamics are only piecewise continuous, we need to implement a modified version of Cook's method from the classical theory of scattering to ensure the existence of the impulsive wave operators W ± defined via the strong limit (1) . Moreover, the necessary assumptions needed can be stated in a general context which is formulated by the following lemma. 
with respect to the t variable exists for all (t, s)
and the function (t,
Then the limit, lim t→±∞ h(t, p(t)), exists in B.
Proof. Since p is a piecewise constant function we denote
We claim that h(t, p(t)) − h(s, p(s)) converges to zero as s → +∞. In fact,
for all integers k such that r 0 ≤ α k , and r 1 ≤ λ(k). Now suppose s, t, and m are sufficiently large such that α m ≤ s < α m+1 < · · · < α m+q ≤ t < α m+q+1 . Then we define
On the other hand,
for all k = m, m + 1, . . . , m + q, and r 0 ≤ α m+k−1 , r 1 ≤ λ(m + k − 1). Thus, the expression I is bounded above by
Since p(t) → +∞ we can choose m so that p(α m ) = λ(m) is sufficiently large. Hence for ε > 0, there are r 0 , r 1 and m large enough so that r 1 ≤ λ(m) and r 0 ≤ α m such that r 0 ≤ α m ≤ s < α m+1 < · · · < α m+q ≤ t < α m+q+1 . Then, from hypothesis (c) it follows that the left-hand side of (4) is less than ε/3. Next we define
Thus by assumption (d) we have for every ε > 0 that there is an integer m such that
By choosing appropriate m and q, from (4) and (5) we obtain
Thus for each ε > 0 we can find an integer m such that each of the left-hand side terms of inequality (3) is less than ε/3. Therefore, for s < t, h(t, p(t)) − h(s, p(s)) goes to zero as s → ∞.
1.1.
Remark. We recall that in Quantum Scattering the asymptotic comparison of two different dynamics e −itH and e −itH0 for the same system, is determined if
which is equivalent to the question about the existence of the strong limits
In
. Thus according to definition (1) the impulsive wave operators W ± associated to e itH(t) e −itH0 are determined by existence of the strong limits
Notice that the jumps of the operator-valued function U (t) = e itH(t) are given at each α n by
We call J (α n ) the jump operator at the point α n .
We now let H(t) = H 0 +V (t) be a family of self-adjoint operators for t real. Then the following theorem and its corollary show the existence of the impulsive wave operators W ± = s − lim t→±∞ e itH([t]) e −itH0 , where [t] denotes the integral part of t. Furthermore, this class of wave operators can be obtained as a strong limit of a sequence Ω ± (H n , H 0 ) = s−lim t→±∞ e itHn e −itH0 , where H n = H 0 +V n is a sequence of self-adjoint perturbations of H 0 , such that Dom(H 0 ) = Dom(H n ) = Dom(V n ) for all integers n, and H n = H([t]) for all t, such that n ≤ t < n + 1. Throughout the remainder of the paper ordinary wave operators are denoted by Ω ± (H, H 0 ).
Theorem 2. Let H n and V n be sequences of operators satisfying the above assumptions, and assume that H
φ is uniformly convergent, for |t| sufficiently large and lim t→±∞ S(t) = 0.
Then W ± exist, and W ± = Ω ± (H, H 0 ).
Proof.
Since s − lim n→∞ V n = V on dom(V ), for arbitrary φ in H we obtain By hypothesis the right-hand side of the above inequality is uniformly convergent and the series as a function of t converges to zero when t → ∞. Therefore, we obtain that the following expression as a function of t also tends to 0 when t → ∞
Now, let ε > 0 be given and choose
so that this latter inequality is less than ε. Moreover,
Then it follows that the left-hand side of (14) can be made arbitrarily small. Finally, from the above estimates we obtain the existence of W ± . Furthermore Ω ± = W ± . Now, the next corollary is an immediate consequence of the foregoing theorem. 
Proof. (a) follows directly, since W ± = Ω ± . On the other hand it is clear that
Applications
In this section we show the existence of the impulsive wave operators W ± defined by equation (9) when the free dynamics is generated by the Laplacian −∆ on L 2 (R 3 ) and the impulsive dynamics is defined by e itH([t]) , where H(t) = −∆ + V (t, x) and V (t, x) denotes the operator of multiplication by a function V (t, x), x ∈ R 3 . The main assumptions needed are given by a mild restriction on the convergence of the series whose general term is defined by the jump operator associated to the function F (t) = e itH([t]) e −itH . Let us begin with the following lemma.
Lemma 5. Let H([t])
for all t and 2 ≤ r < 3. Let us assume the existence of positive constants α, β such that α < 1 2 and 2 ≤ r(1 + β) < 3. Then for all ϕ belonging to the Schwartz space S the function
Proof. Let us recall that the dynamics generated by H 0 = −∆ satisfies e −itH0 ϕ q ≤ |t| −3/2+3/p ϕ q (17) whenever 1/p + 1/q = 1, and 2 ≤ p ≤ ∞ (see e.g. [8] ). Now, let us choose p such that 1/p + 1/r = 1/2. Then by Hölder's inequality we obtain
2.1. Remark. We notice that under the assumptions of Lemma 5 the L 2 norm of the function V (t, x) is of exponential growth with respect to the t variable.
Let us denote by L y , y ∈ R 3 , the translation operator acting on exist.
Proof. Let ϕ be a Schwartz function and define h(t, s) by the following H-valued function:
Thus,
On the other hand, we notice that ∞) ), as follows from the previous Lemma 5.
Next, we claim that the real function M (t) defined by M (t) = h(t, [t]) 2 verifies the hypothesis of Lemma 1. To this end we recall the integral representation of the free dynamics
From this last identity we get
Then we finally obtain
Hence, for a given ϕ, by hypothesis we get that there exists a constant C ϕ such that
Since λ < 1 2 this last inequality proves that the series whose general term is the left-hand side of (20) converges. Thus, the hypotheses of Lemma 1 are now indeed verified, hence the impulsive wave W ± operators exist.
2.2.
Remark. We should point out that the above results establish the existence of the wave operators for the next abstract problem. Let H(t) = H 0 + V (t), for t ∈ R i ∂u ∂t = H([t])u, n ≤ t < n + 1, The next example had been considered by Cortés et al. [2] , in connection with impulsive linear differential equations [1] . Let U (t) = e −itH be a one-parameter group of operators acting on a Hilbert space H, and let {C [t] , t ∈ R} be a family of contraction operators on H. Then define
We should remark that the authors of [2] impose the operators C k to be unitary, we notice that this hypothesis can be removed completely and assume instead the mild restrictions given below. Let φ ∈ H and define h(t, [t]) = Λ(t)e −itH0 φ. Suppose that:
1.
∞ 0 C 1 U (1)e −itH0 φ dt < ∞ for all φ belonging to a dense subspace D contained in Dom(H). 2. Then it is straightforward to verify under hypotheses (1) and (2) above that the conditions of Lemma 1 are satisfied by the H-valued function t → h(t, [t] ). Therefore, it follows that the impulsive wave operators W ± = s − lim t→±∞ Λ(t)e −itH0 exist in this case.
